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1. Introduction 

A polarized Calabi-Yau manifold is a pair (X, uS) of a compact algebraic manifold 
X with zero first Chern class and a Kahler form u £ H 2 (X,7*). The form u is 
called a polarization. Let M. be the universal deformation space of (X,uj). M. is 
smooth by the theorem of Tian [E] . By [H| , we may assume that each X' G M. is 

is Ricci flat, 
where 



a Kahler-Einstein manifold, i.e. the associated Kahler metric (g' 



af3 J 



The tangent space T X <M. of M. at X' can be identified with H l (X\T x 
H X (X',T X ,) U = {<pe H\X',T x .)\<pju = 0}. 
The Weil-Petersson metric Gwp on M. is defined by 



ta/3 



X' 



9' 



where <p = tp^dz 13 , ip = ^^dz a are in H\X',T X , 
Kahler-Einstein metric on X' associated with the polarization u. 



q' - 5 dz a dz^ is the 
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A natural question on M. is that whether the Weil- Peter sson metric is complete. 
In the author proved that there are no non-trivial complete special Kahler 
manifolds. If dimM = 3, then M. is a projective special Kahler manifold. The 
corresponding conjecture in this case would be: 

Conjecture. If the moduli space M. of a Calabi-Yau threefold is complete with 
respect to the Weil-Petersson metric, then it is locally symmetric. 

Remark 1 . The author learned from the referee that homogeneous projective special 
Kahler manifolds of semisimple group were classified by Alekseevsky and Cortes pQ . 
They are all Hermitian symmetric of noncompact type. 

The list of the homogeneous projective manifolds are: 



A). 
BD). 
G). 

F). 
E6). 
E7). 
E8). 



sl n+2 (C), M = OF 1 " 1 = SU^/SiUr ■ U n . 



50 n+4 C, M = (SL 2 (R)/S0 2 ) x (S0 2 , n . 2 /S0 2 ■ SO n ^ 2 ); 
2 (C), M = CH 1 = SL 2 (R)/S0 2 ; 
f 4 (C), M = Sp 3 (R)/U 3] 
e 6 (C), M = SU 3j3 /S(U 3 -U 3 ); 
e 7 (C), M = SO* 12 /U 6 ; 
e 8 (C), M = E { - 25) /E 6 -S0 2 . 

In §3, we give an example of the complete locally symmetric space, which core- 
sponds to the above type (A), the complex hyperbolic space. 

For the rest of this paper, we will concentrate on moduli space of Calabi-Yau 
threefolds. General moduli space will be considered elsewhere jHj- 

In the three dimensional case, associated to the Weil-Petersson metric is the 
Yukawa coupling. It can be defined as 

JX' 

where Q is a (3, 0) form on X'. Since X' is Calabi-Yau, (3, 0) forms on X' differ 
by constants. 

Note that the Yukawa coupling depends not only on (p,ip,£ but depends on Q 
as well. In fact, one can prove [3, that F is a holomorphic section of the bundle 
Sym 3 (T*M) ® (F 3 ) 02 , where F 3 is the first Hodge bundle on M(cl (Hj). 

One of the fundamental properties of the Weil-Petersson metric and the Yukawa 
coupling is that they can be defined "extrinsically" in the sense that they can be 
defined only using the fact that the moduli space is a horizontal slice. In fact, let 
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Q(Q,Q) be defined in ©. We have 

ujwp = —ddlogQ(Q,Q), 

(cf. jH]), where uiwp — ^j^-hqdzi A dzj is the Kahler form of the Weil-Petersson 
metric, and 

F ijk = Q(didjd k n,£l). 
One can contract the Yukawa coupling to get the following (1, 1) tensor 

P = ^ElPi-dz 1 A dz j = ^^h p % r ~ s F ipr F~dz i A dzK (1) 

Z7T J 2,71 

This tensor is important because of the following theorem [Hj: 

Theorem 1. Let ujh = 2uwp + P , and let n = dim M.. Then 

(1) ujh is a Kahler metric on M. ; 

(2) The holomorphic bisectional curvature of ujh is nonpositive. Furthermore, 
Let a = ((s/n+ l) 2 + > 0. Then the Ricci curvature Ric(a;#) < —aojn 
and the holomorphic sectional curvature is also less than or equal to —a. 

(3) //Ric(a;ij) is bounded, then the Riemannian sectional curvature of ujh is 
also bounded. 

We call ujh the Hodge metric on M.. 

If the Yukawa coupling is bounded, then the Weil-Petersson metric and the 
Hodge metric are equivalent. The other side of the theorem is the main result of 
this paper: 

Theorem 2. Assume that the Weil-Petersson metric is complete. Then there is a 
constant Ci(m,n) , depending only onm,n, such that 

\V m F\ 2 < C!(m,n), 

for any nonnegative integer m, where V is the Hermitian connection of the bundle 
Sym 3 (T*M) ® (F 3 )® 2 and n is the complex dimension of the moduli space M. . 

Acknowledgment. This paper is a refinement of the talk the author gave at the 
workshop "Special Geometric Structures and String Theory" at Universitat Bonn in 
September 2001. The author thanks the organizers Dmitri V. Alekseevsky, Vicente 
Cortes, Chand Devchand and Antoine Van Proeyen for the invitation and helpful 
conversations during the workshop. 
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2. On the Complete Weil-Petersson Metric 

In this section, we use the method of gradient estimate to prove Theorem |21 the 
main result of this paper. We first prove the following weak version of Theorem El 

Theorem 3. Suppose M. is the moduli space of a Calabi-Yau threefold. If the 
Weil Petersson metric on M. is complete, then the norm of the Yukawa coupling 
with respect to the Weil-Petersson metric is bounded. On the other hand, if the 
Yukawa coupling with respect to the Weil-Petersson metric is bounded, then the 
Weil-Petersson metric is equivalent to the Hodge metric. 

Proof: Let uh be the Hodge metric, then by definition 

u H = 2u WP + P, (2) 

where P is defined in (JTJ) and luwp = y ^-h i jdziAd~Zj is the Kahler form of the Weil- 
Petersson metric. The trace of the tensor P is the norm of the Yukawa coupling. 
Thus the Hodge metric and the Weil-Petersson metric are mutually equivalent if 
the Yukawa coupling is bounded. 
On the other side, let 

/ = |F| 2 = e 2K F l3k F^ c K ra hV c , 
where K = —log\f—lQ{Vt, fi), and 

Q(ft, Tt) = I n a a (3) 

Jx' 

We have 

/* = 2e 2K K^F, l]k F^ c h m ti b h kz 

+ e 2K F ijk b\F^ c hVh k - c + e 2K F l]k F^ c c\(K ra hV) 

for a — 1, • • • , n. Thus we have 

Af = e 2K \d a F ijk + 2K a F ljk \ 2 + 2n\F\ 2 + e 2K F %3k F^ c d a W a {h m y b h k ~ c ), 

where A is the complex Laplacian of the Weil-Petersson metric. Under the normal 
coordinates, 

e 2K F ijk F abc d a d a (h m h jb h kc ) = 3e 2K Fi^Fa^R^ 
where R a j is the Ricci curvature of the Weil-Petersson metric. Thus 

Af > 2n\F\ 2 + 3e 2K F ijk F~ k R aI . 
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It is known in that 



Thus 



Rai = -in + l)5 al + e IK F amn F imn . (4) 



Af > 2n\F\ 2 - 3(n + 1)|F| 2 + 3e 4K ^ | £ i^ fe F ajfc | 

|2\2 



>-(n + 3)|F| 2 + 3e^^(^|F ? 



>_( n + 3 )| F |2 + ^ ( ^| jP . ,2,2 

= *f-(n + 3)f. 
n 

We now recall a version of the maximum principle from [E] . 

Proposition 1. Suppose that (M,g) is a complete Kahler manifold. If the Ricci 
curvature of g is bounded from below and <p is a nonnegative function satisfying 

Ay? > civ? a - c 2 ip - c 3 , 

where a > 1, C\ > 0, C2, C3 > are constants, then 

■ c 2 + c 3 .i. 



sup (p < Max(l 



5 v 

Cl 



By equation (j3J) we know that the Ricci curvature is bounded from below. Thus 
using Proposition Q we have 



/ < 

□ 

Remark 2. We can also get similar estimates on moduli spaces with incomplete 
Weil-Petersson metric. In that different version of Maximum principle 

should be set up. 

Proof of Theorem [21 We define 

f m = |V m F| 2 (5) 

for m = 0, 1, 2, • • • . The inequality is true for m = by Theorem El Assume that 
the inequality is also true for all < i < m — 1. That is, we have a constant 
Ci(m,n) such that 

IV^I 2 < Cx{m,n) (6) 
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for any < i < m — 1. We are going to prove that |V m F| is bounded. First we 
have the following lemma: 

Lemma 1. With the above assumption, there is a constant C<i depending only on 
m, n such that 

A/ m > fm+i ~ C 2 {m,n)(f m + 1). 

Proof. By (J5)l. we have 

Af m = |V m+1 F| 2 + \dV m F\ 2 

(7) 



+ < h l3 ViVjV m F, V m F > + < V m F, h^ViVj^F > . 
Changing the order of the covariant derivative, we get 

V,V, V m F = R(—, g-)V rn F + V, V 4 V m F. (8) 

By the Strominger's formula [Zj of the curvature of the Weil-Petersson metric 

Rijki = h l3 h kl + h fl h kl - e 2K h^F lkp F)T q , (9) 

and by the assumption we see that 

\V m R m \<C 2 \V m F\ + C 3 (10) 

for some constants C 2 and C3 depending only on m, n. Thus by (jEJ) 

\hf 5 V i V j V m F\ + \WV& j V m F\ < C A f m + C 5 (11) 

for constants C4 and C5 depending only on m,n. By (J7j) and (fTTj) . there is a 
constant (^(m, n) such that 

A/ m > / m+ i - C 2 (m,n)(/ m + 1). 

In particular, using @, we have 

A/i > - C 4 (12) 
for < i < m — 1, and the constant C4 depending only on m, n. 

□ 

Continuation of the proof of Theorem ^ It is not hard to see that 

|V/ m | <2y/f m+1 f m . (13) 

Let 

9m — fm{A + fm-l), 
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where constant A is to be determined. Then using Lemma Hand (JO}, 
(|T3|). we have 



Ag m > Af m+1 + f 2 m - C,{A)f m - C 6 (A) - C 7 f m y/U^, (14) 

where Cs(A), Cq(A) are constants depending only on m,n and A and CV is the 
constant depending only on m, n. We choose that A = C 2 . Then 



Af m+ i + -fm > C 7 f m \/ fm+l- 

Thus there are constants 5 > and C§, depending only on m,n, such that 

As m > 5g 2 m - C 8 . (15) 
Using the maximal principal Proposition ^ 

g m < C 8 /6 + 1. 
Since we may have chosen A > 1, we have 

f m < g m < C 8 /S + 1, 
and the theorem is proved. □ 

3. An EXAMPLE 

In this section, we give an example of locally symmetric horizontal slice. In pQ, 
a complete list of homogeneous projective special Kahler manifolds is given. 

We first introduce the notion of classifying space by recalling the definitions and 
notations in 

Suppose X is a simply connected algebraic Calabi-Yau three-fold. The Hodge 
decomposition of the cohomology group H = H 3 (X, C) is 

H 3 (X, C) = H 3 >° © if 2 ' 1 © H 1 * 2 © if ' 3 , 

where 

H p ' q = H q (X, n p ), 

and fl p is the sheaf of the holomorphic p-forms. The skew-symmetric form Q on 
H is defined by 

Q(£,ri) = - f £A77- 



Jx 

By the Serre duality and the fact that the canonical bundle is trivial, dim H 2,1 
dimH 1 ' 2 = dimH^X^x) = n, and dimtf 3 - = dimtf - 3 = 1. Thus H 3 (X,C) 
C 2n+2 is a (2n+2)-dimensional complex vector space. 
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It is easy to check that Q is skew-symmetric. Furthermore, we have the following 
two Hodge-Riemannian relations: 

1. Q(H™, Hp'*') = unless p' = 3 - p and q' = 3 - q; 

2. (y/^T) p ~ q Q(^j,^j) > for any nonzero element ip € H p ' q . 
We define the Weil operator C : H — > if by 

For any collection of {if p,9 }'s, set 



F 3 


= H 3 ' ; 




F 2 


= H 3 >° 6 




F 1 


= H 3 ' 6 


3 F" 2 ' 1 © F 1 ' 2 



Then F 1 , F 2 , F 3 defines a filtration of H 

C F 3 C F 2 C F 1 C F. 

Under this terminology, the Hodge-Riemannian relations can be re-written as 

3. Q(F 3 ,F 1 ) =0,Q(F 2 ,F 2 ) = 0; 

4. Q(CV>,?) > if ip ^ 0. 

Now we suppose that {h p ' g } is a collection of integers such that p + q = 3 and 
£ /i p <« = 2n + 2. 

Definition 1. the notations as above, the classifying space D of the Calabi- 

Yau three-fold is the set of all collection of subspaces {H p ' q } of H such that 

H = © H p ' q H p ' q = 7T q ^, dim H p ' q = h p ' q , 

p+q=3 

and on which Q satisfies the two Hodge-Riemannian relations 1,2. 
Set f p = h n '° + ■■■ + h p ' n ~ p . Then D is also the set of all filiations 

C F 3 C F 2 C F 1 C H, F p © F 1 ^ = H 

with dimF p = f p on which Q satisfies the bilinear relations 3,4- 

D is a homogeneous complex manifold. The horizontal distribution Th(D) is 
defined as 

T h (D) = {X e T(D)\XF 3 C F 2 ,XF 2 C F 1 }, 

where T(D) is the holomorphic tangent bundle which can be identified as a sub- 
bundle of the (locally trivial) bundle Hom(H 3 (X,C), H 3 (X,C)). So X naturally 
acts on F p . 
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Definition 2. A complex integral submanifold of the horizontal distribution Th(D) 
is called a horizontal slice. 

Suppose U C Ai is a neighborhood of M. at the point X. Then there is a natural 
map p : U — > D, called the period map, which sends a Calabi-Yau threefold 
to its "Hodge Structure". To be precise, Let X' G U. Then there is a natural 
identification of H 3 (X', C) to H 3 (X, C) = H. So {H™{X')} p + q=z are the subspaces 
of H satisfying the Hodge-Riemannian Relations. We define p{X') = {H p,q (X')} G 
D. It is proved in [3| that p(U) is a horizontal slice. 

Now we introduce a result of Bryant and Griffiths [2] . Their results can be briefly 
written as follows: 

We assume that eV G U. i.e. the horizontal slice passes the original point of D, 
where the original point is defined as {/ 3 , f 2 , f 1 } G D as follows: there is a basis 
ei, • • • , e2n+2 of H under which Q can be represented as 



Q 

If we let 



f = S pan{ei - \Z^Te n+2 }, 



1 

1 



P = span{e 1 - \/-le n+2 , e 2 + x/^Te^, ■ • • , e n+1 + v /Z Te 2n+2 }, 

and J 1 is the hyperplane perpendicular to f 3 with respect to Q, then 

{C C / 3 C / 2 C J 1 C H} G D. 

According to Bryant and Griffiths, there is a holomorphic function u with tt(0) = 
— \J — 1, Vtt(O) = and V 2 w(0) = \J — II (I is the identity matrix) defined on a 
neighborhood of the original point of C™ such if (z 1 , ■ ■ ■ , z 11 ) is the local holomorphic 
coordinate of U at eV, the original point, then the horizontal slice passing through 
eV can be represented by 

F = span(l,-^=z 1 ,--- ,-^=z n ,u- ^-ZiUi.-^U!,--- ,-^=u n ), (16) 
and F 2 = VF 3 , F 1 1 F 3 via Q. 



Example 1. With the above notations, we choose 
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Then we can define the horizontal slice with F 3 being given by 



1 



1 



F = (1, -/=*!,••• 



The Yukawa coupling of the above example is identically zero. Thus by (J9jl . the 
curvature tensor is 

which is parallel. In order to see that the horizontal slice we defined is complete, 
we first observed that since the Yukawa coupling is zero, the Hodge metric is two 
times the Weil-Petersson metric because P = in (JJJ. Using Lemma 3.8], we 
can isometrically embed the horizontal slice to the Siegel manifold H n+ i, where 
H n+ \ is the set of all (n + 1) x (n + 1) matrices of the form X + \/— 1Y with X, Y 
symmetric and Y positive. By the embedding can be represented by the matrix 



* 



1 



■~1 



V2 



V2 



1 

v/2 



^ 



V2 



A 



} 



Since the Siegel manifold is complete and since the above set is closed in H n+ i, the 
horizontal slice is complete with respect to the Weil-Petersson metric. 

□ 
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